INTERNATIONAL ELECTRONIC
JOURNAL OF ELEMENTARY EDUCATION

iejee

March 2018, Volume 10, Issue 4, 463-474

eceived: ebruar
Sixth Grade Students’ Skills of Using Ed l;‘;h 2)(/)12:18
Multiple Representations in Addition and Accepred: 20 March 2018

ISSN: 1307-9298
Copyright © IEJEE

Subtraction Operations in Fractions®

www.iejee.com

Fatma Kara?, Lutfi Incikabi®**

DOI: 10.26822/iejee.2018438137

Abstract

The current study aims to show the transition skills of sixth grade students between the representations (numerical, model, number line and
verbal) given in addition-subtraction operations in fractions and to analyse the ability of the students to construct each representation type. In
this research, case study method was used in terms of the subject and process followed. The study group of the research is the sixth grade stu-
dents of three middle schools in Kastamonu province placed in the northern part of Turkey. The research participants consisted of 59 students,
31 of which are male and 28 of which are female. Data collected through “Multiple Representations in Fraction Operations Test". According to
research findings, it has been determined that the achievement of students in using different representations in operations with fractions is
higher in addition operation compared to subtraction operation. In addition, it turns out that students are more successful in numerical-numer-
ical, model-model, model-numerical, and numerical-model transitions compared to other transitions in both operation types. It was also found

out that students fail in other representation types such as number line and verbal representation transition situations.
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Introduction

Most people define mathematics as a field consisting of ab-
stract concepts, algorithms, and symbols without any con-
nection with real world (e.g. Cramer, 2003). For this reason,
researchers emphasize the necessity of teaching mathemat-
ics as an integrated concept and processing system based
on certain patterns and associations that exist in the real
world (Nair & Pool, 1991; Resnick & Ford, 1981). This neces-
sity causes long debates in the need for using appropriate
representations in teaching and learning of mathematics in
terms of having complete understandings of mathematical
concepts, expressing mathematical ideas and relationship
between concepts (Duval, 2006; Goldin & Shteingold, 2001).
Moreover, taking advantage of different representations in
the teaching of a mathematical concept and making transi-
tions between different forms of representations are critical
in terms of a complete internalization of mathematics. (Ka-
put, Blanton, & Moreno, 2008; Lesh, 1999; National Coun-
cil of Teachers of Mathematics [NCTM], 2000). Hence, the
use of representations has been a crucial topic in learning
of mathematics over the past three decades in standards
of school mathematics for developing students’ abilities to
use appropriate representations and to make correct and
robust translations among them (Ministry of National Edu-
cation [MoNE, 2013]; National Council of Teachers of Math-
ematics [NCTM], 2000; Van de Walle, Karp, & Bay-Williams,
2010). However, studies focusing on students’ abilities in use
of representations indicate that middle school students have
inadequate knowledge and ability to construct appropriate
representations and to transform from one representation
to the others (Gagatsis & Elia, 2004; Neria & Amit, 2004).

Multiple representations can be defined as a process of vis-

ualizing and concretizing abstract concepts or symbols in
everyday life in general terms, as well as the definition of
the relationship between objects or symbols in mathemat-
ics (Kaput, 1989). The theory of multiple representations in
mathematics education has begun to gain importance with
the studies of Dienes. Influenced by Piaget's theories and
made studies with Bruner, Dienes called the concept of
multiple representations as “Perceptual Diversity Principle.”
According to this principle, presenting a conceptual struc-
ture in multiple forms as perceptually identical as possible
will make it easier for the student to have the mathemati-
cal significance of abstracting (Dienes, 1960). In this context,
concepts should be able to be presented in different forms.
Multiple representations and the learning relationship point
to a learning environment with a particular focus on concep-
tual learning (Dufour-Janvier, Berdnarz, & Belanger, 1987).
In this context, mathematics teachers need to consider and
effectively use multiple representations of information in
verbal, numerical, visual graphical or numerical forms, with
the support of developing technology, rather than using only
intensive verbal and mathematical language.

Research on multiple representations in mathematics teach-
ing has shown that using multiple representations helps stu-
dents better understand and improve their problem solving
performances (Ainsworth, Bibby, & Wood, 1997; Akkus-Cikla,
2004; Moseley & Brenner, 1997; Sert, 2007). If it is not pos-
sible to switch between different representations, it can be
said that the mathematics cannot be understood at the con-
ceptual level (Ainsworth, 1999; Van der Meij & De Jong, 2006),
When studies focusing on multiple representations are ex-
amined, it has been shown that the efforts of the students to
determine the ability to switch between different representa-
tions are based on problem solving (Corter & Zahrer, 2004;
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ipek & Okumus, 2012; Lesh, Landau, & Hamilton, 1983),
algebraic expressions (Sert, 2007) and function (Basturk,
2010). Moreover, some studies focused on the ability of
students’ and teachers’ preferences for multiple rep-
resentations (Ainsworth, 1999; Akkus-Cikla, 2004; Sert,
2007). However, there has not been a detailed examina-
tion of the addition and subtraction operation of frac-
tions between multiple representations and multiple rep-
resentations.

In mathematics education context, worldwide research on
students’ understanding about fractions and fraction op-
erations indicates that learning fractions is a complex and
difficult process. The impediments in students’ reasoning
of fractions included factors such as an early emphasis
on whole-numbers (e.g. Behr, Harel, Post & Lesh, 1994)
and insufficient abilities to transform between multiple
representations (Tung-Pekkan, 2015). On the other hand,
it is claimed that even though students can easily carry
out the algorithms with fractions, they do not understand
the meanings of such algorithms (Mick & Snicrope, 1989;
Wearne-Hiebert & Hiebert, 1983). Considering students’
difficulties and misconceptions about addition of frac-
tions, researchers suggest using multiple representations
in teaching and learning of fractions meaningfully in or-
der to overcome students’ difficulties and to develop their
conceptual understanding of fractions (e.g. Alacaci, 2010;
Tung-Pekkan, 2015).

Studies about fractions generally focus on the problems
that students have experienced in operations with frac-
tions (Orhun, 2007; Soylu & Soylu, 2005), the problems
they have in creating different representations of fractions
(Istk & Kar, 2012; Pesen, 2008), the representation prefer-
ences that students use in fractions (Kilic & Ozdas, 2010),
and the misconceptions they have about fractions (Bib-
er, Tuna, & Aktas, 2013). However, no studies have been
found that examine the preferences of students, achieve-
ment situations in their preferences and representation
creation situations. Developments in the way students
think about representation in mathematical learning have
revealed the need for the use of multiple representations
(Pape & Tchoshanov, 2001). In this context, there are un-
answered questions about the qualities of creating and
using multiple representations, and the questions of this
research are worth answering. Again, the results of this
research are important for the review of classroom teach-
ing. On the other hand, these research findings of this
study are thought to contribute to the use of alternative
pedagogical approaches to mathematics educators and
researchers, and to investigate the effects of these ap-
proaches on classroom settings.

Purpose of the research

Among the purposes of this study are to show the transi-
tion skills of sixth grade students between the representa-
tions (numerical, model, number line and verbal) given
in addition-subtraction operations in fractions and to
analyze the ability of the students to construct each rep-
resentation type.

Problems of the research

1) How are the transition skills of students between the
multiple representations involved in the addition and sub-
traction operations in fractions?

2) How are the skills of the students to create different
types of representations used in the addition and subtrac-
tion operations in fractions?
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Methodology

In this research, case study method, which is one of the
interactive patterns in the qualitative research approach,
was used in terms of the subject and process followed.
The case study is a method that allows the researcher to
focus on a specific situation such as an event, a person
or a group and investigate the situation in the cause-ef-
fect relation with the obtained data in more detail (Cep-
ni, 2012). In the case study, in the questions of “How?" or/
and “Why?” are included in the research design and the
case is examined in depth (Yildirnm & Simsek, 2013). In this
study, the transitions of sixth graders were defined be-
tween the representations in the addition and subtraction
of fractions according to the question of “How?". We also
investigated the difficulties encountered in the process of
creating each representation using the question “Why?".

Study group

The study group of the research is the sixth grade stu-
dents of three middle schools in Kastamonu province
placed in the northern part of Turkey. Purposeful (delib-
erate) sampling method was used to determine the partic-
ipants (Yildirnm & Simsek, 2013). Criteria for determining
grade level included curriculum coverage of the objectives
regarding operations in fractions, and in this context, sixth
grade students have been used as the targeted popula-
tion. In determining the schools to be worked with, the
provincial general achievement average was taken into ac-
count and three schools with average level of achievement
were included in the study.

Initially, a total of 73 sixth grade students, 38 males and 35
females, participated in the research. However, as a result
of the pre-evaluation of the application, it was determined
that 14 students did not answer the questions at all and
they were excluded from the further examination. Finally,
the research participants consisted of 59 students, 31 of
which are male and 28 of which are female.

Data collection tools

Two data collection tools were used in this study. The first
tool is a demographic questionnaire containing students’
gender, age and mathematics class notes. As the second
data collection tool, “Multiple Representations in Fraction
Operations Test” was used (Appendix 1). In order to con-
struct the test, firstly the curriculum objectives related
to the concepts were examined. In accordance with the
number of objectives and the course hours devoted to the
addition and subtraction of fractions, a trial test was pre-
pared with 30 test items consisting of 8 main questions
and sub-questions. In order to determine the validity and
reliability of the test, three expert opinions were taken
from the mathematics education field. Coverage validity
of the instrument achieved through the step that the ex-
perts indicate whether each test item is eligible by mark-
ing the “suitable,” “not suitable” and “needs to be changed”
options according to their intelligibility, quality and level
criteria.

In order to determine the validity and reliability of the
30-question trial test, the pre-test was conducted on 59
students in two middle schools in Kastamonu (Turkey)
province center. According to the results of the applica-
tion, item difficulty index and item discrimination index
were calculated for each question (Table 1). According
to the item difficulty and discrimination analysis, it was
found that the items with the item discrimination index
between -1 and 0 were removed from the test,
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the items between 0 and 0.30 were corrected and the
items higher than 0.30 were used directly in the test.

Table 1. Results of multiple representations in fraction oper-
ations test item analysis

Item Difficulty Distinctive-  Item Difficulty Distinctive-
# ness ness
1 0.75 0.49 16 0.51 0.75
2 0.81 0.49 17 0.58 0.72
3 0.25 0.78 18 0.29 0.76
4 0.32 0.54 19 0.22 0.69
5 0.69 0.49 20 0.66 0.64
6 0.31 0.83 21 0.37 0.85
7 0.63 0.62 22 0.56 0.65
8 0.34 0.56 23 0.24 0.74
9 0.25 0.63 24 0.27 0.70
10 0.64 0.70 25 0.49 0.82
1 0.61 0.69 26 0.47 0.81
12 0.27 0.75 27 0.22 0.74
13 0.36 0.81 28 0.27 0.74
14 0.73 0.47 29 0.44 0.85
15 0.76 0.53 30 0.39 0.78

The KR-20 reliability coefficient of this test was calculated
as 0.96. As a result, “Multiple Representations in Fraction
Operations Test “ prepared in line with item analysis and
expert opinions was used as data collection tool. The final
state of the test consists of 8 main questions and a total of
30 open ended questions including three inter-represent-
ative transitions under these questions. The distribution
of the questions in the test is given in Table 2.

Coding procedures

At the beginning of the study, in order to create the coding
list, the related literature was examined, the representa-
tion types determined in the addition-subtraction oper-
ations in fractions were developed and the representa-
tions to be used in the codes were decided. In Table 3,
the criteria used to assess the skills of the students on the
representation determined in the study are given. Two ex-
perts working independently were involved in the coding
process of the data. Both experts have numerous studies
regarding use of multiple representations in mathematics
education. As a result of the first coding, the agreement
rate (reliability coefficient) between coders was calculated
as 88.7% according to the Miles and Huberman (1994) for-
mula. The coders came together and discussed the items
causing the dispute and reached an agreement on each
item.

Table 3. Criteria for creating representations

Table 2. Multiple Representations in Fraction Operations Test
question distributions

The type of Question number Type of
representation representation
the problemis  aqdition  Subtraction required to

given transit
1 5 Model
1a 5a Numerical
Model
1b Sb Number line
1c 5c Verbal
2 6 Numerical
2a 6a Number line
Numerical
2b 6b Model
2c 6¢ Verbal
3 7 Number line
3a 7a Numerical

Number line

3b 7b Model

3c 7c Verbal

4a 8a Number line
Verbal 4b 8b Model

4c 8c Numerical

Data analysis

The achievement rate of the students related to transit-
ing among the representations have calculated through
correct answers given to the related questions. In this
calculation, it is taken into account the expressions of the
questions (in writing) and the representations which are
used in the solution of the questions. By creating these
two different categories, it is aimed to determine the di-
rection of the transition. For example, if a question is given
in a numerical form, and verbal explanations are soughtin
the solution, then a judgment has been reached that there
is a transition from numerical representation to verbal
representation in this question. Students' skills of creating
each representation was analyzed by means of the criteria
mentioned in Table 3.

Findings

Findings regarding the transition skills of sixth grade stu-
dents in the addition and subtraction of fractions are given
in Table 4. When the table is examined for addition oper-
ation, it has been determined that the students are more
successful in situations where the numerical response to
the question given in the form of model representation
(transition from model to numerical mode) and the cases
where the numerical expression of the verbal questions is
requested (verbal to numerical transition). Again, it turns
out that the majority of students are successful in tran-

Numerical Number line

Verbal Model

1) Drawing the number line

1) Writing the mathematical 2) Placing the integers

1) Expressing the given fractions

1) Drawing a closed figure
divided by the appropriate units

(verbal) correctly for given fractions (Determining

expression of the rep-
resentation
2) Denominator equalization
if necessary
3) Expressing the given oper-
ation numerically
4) Performing the operation

3) Separating by equal units
(determining the denominator)
4) Expressing fractions (show-
ing numerator with arrows)
5) Performing the given
operation
6) Showing the result (arrowing
out)

2) Identification of objects suit-
able for given fractions (wholes
to be fragmented)

3) Performing the given opera-
tion in the text
4) To be able to express the
process given at the root of the
question.

the denominator)

2) Screening the requested part
according to the given fractions
(determining the numerator)
3) Denominator equalization if
necessary
4) Performing the given action
on figures

465



iejee

March 2018, Volume 10, Issue 4, 463-474

sitions requiring to construct model and numerical rep-
resentations in the addition operation. On the other hand,
students’ performance in the transition where the number
line representation and the verbal representation are re-
quired have been relatively low (between 14% and 22%).

Table 4. Students’ achievement rate in transiting between
representations (%)

To:  Model Numerical Nu“r:‘Ser Verbal
From + - + - + - + -
Model 64 39 76 47 10 34 19 7
Numerical 54 47 64 59 15 24 20 8
Numberline 51 34 54 36 10 15 14 7

Verbal 66 31 75 29 22 14 NR NR

Note: NR: Transition not required

When the findings of subtraction operation are examined
from table 4, it is seen that the achievement status of
the students in general is lower than their achievement
rates in the addition operation. Moreover, it was deter-
mined that the situation in which the students were most
successful in transition between representations was
determined as the transition which a numerical answer
was required for the numerical question (59%). Again, it
turns out that almost half of the students are successful
in the questions requiring model-numerical and numeri-
cal-model transition in the subtraction operation. On the
other hand, it is observed that in the case of the remaining
representation transition pairs in the subtraction opera-
tion, the students show very low achievement, especially
in transitions requiring verbal representation creation.

Issues encountered in forming representations

In this section, problems encountered about the rep-
resentations are analyzed and presented according to
previously determined criteria. The values given were ob-
tained from the responses given to the questions to form
each representation.

Issues in model representation forming

Table 5 lists the difficulties that students encounter in
model representation during addition and subtraction in
fractions. When the table is examined, students’ difficul-
ties were encountered in all the steps that should be fol-
lowed during the model representation forming process.
While adding fractions on a model, students have made
more mistakes in the steps determining the denominator
and fulfilling the operations. It has been observed that
students left more unanswered questions in the subtrac-
tion operation. Moreover, it is seen that the mistakes that
students make during the steps of fulfilling the operations
and determining the numerator are also more prevalent
in the subtraction operation.

Figure 1 provides an example of a mistake in the denom-
inator determination stage in addition operation. Accord-
ing to the figure, the student was asked to add up the
fractions 2/12 and 4/12 given on the model. The student
has drawn a figure of 8 units (denominator) and marked
6 units (numerator) in the model created in the answer
and expressed the solution as 6/8. When performing the
addition operation on the model representation, student
is seen to not focus on denominator on the final answer,
but only added up the hatched areas.
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Table 5. Issues encountered in model representation forming

0

Steps Addition Subtraction Total
Determining
the denomi- 55 48 103
nator
Determining
the numer- 43 55 98
ator
Equalizing de-
nominators if 30 52 82
necessary
Fulfllllng the 48 72 120
operation
Unanswered 18 47 65

1) Model ile verilmis olan islemi yapiniz. (Perform the operation given on the model.)

Student’s response

Figure 1. Denominator mistake in transition from model rep-
resentation to model representation (S28)

An example of a mistake in performing operation is shown
in figure 2. Here, the student identified fractions given
verbally (three tenths and two tenths) on the model sepa-
rately, but on the model formed in the answer while per-
forming the addition operation, drew a 10-unit figure (de-
nominator) and marked 4 unit (numerator) and expressed
the answer as 4/10. While the student was performing the
addition operation in the form of a model representation,
he could divide the whole into equal parts but could not
mark the required part (numerator).

&) "Exgi rea three fenths of her stary book first, and then two tenths.” So, how many of the baok did Ezgf
read?”

b)  Buislemi model kullanarak ifade ediniz. (Perform this operation using model representation.)

WA, + oo = (EID

Figure 2. Mistake in performing operation transition from a verbal
representation to model representation (S16)

Figure 3 shows an example of a mistake in denominator
equalization and performing an operation in transition
from model representation to model representation.
When the fractions given in the model representation are
examined, it is observed that the student cannot divide
the second whole in the same way as the first whole in
terms of procedural skill (to achieve equal denominators),
and could not divide into suitable unit in the new fraction
formed when subtracted the unequal denominators from
each other.

Issues encountered in numerical representation forming

In Table 6, the problems that students encounter while
forming numerical representation are presented in ac-
cordance with predetermined criteria. It is seen from that
mistakes were encountered in each of the steps to be fol-
lowed in the process of creating a numerical representa-
tion while the frequencies of the mistakes encountered in
conducting numeric operations were less than those in
model operations of fractions. However, there was more
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unanswered questions in numerical representations (f=
84) than model ones (f= 65).

5)  Model ile verilmis olan islemi yapiniz. (Perfarm the operation given on the model )
. g
4%

Student’s response

Figure 3. Mistake in denominator equalization and performing
an operation in transition from model representation to model
representation (572)

While adding fractions by using numerical representa-
tions, students suffered from more mistakes in the steps
of performing the operation and writing the numerical ex-
pression of the representation. It has been observed that
students left the questions in the subtraction operation
unanswered more, mistakes were encountered more in
the performing operation stage in subtraction operation.

Table 6. /ssues encountered in numerical representation
forming (f)
Steps

Addition Subtraction Total

Writing the numerical
expression of the 27 30 57
representation

Expressing the operation

) 17 30 47
numerically
Equall;lng denominators 19 34 53
if necessary
Performing the operation 39 56 95
Unanswered 27 57 84

When the mistakes frequently encountered by the stu-
dents in the numerical representation are examined, it is
seen in figure 4 that the student who correctly express the
fractions given in model representation cannot numerical-
ly subtract the fractions. It is understood from the opera-
tion performed, (s)he subtracted first numerator from the
second to find to the numerator, and subtracted denomi-
nator from denominator to calculate the denominator. He
performed the subtraction operation by thinking denomi-
nator and numerator separately. In other words, it is seen
that the result is obtained by subtracting numerators and
denominators by themselves.

5) Perform the operation given below and answer the questions a, b, ¢ accordingly.

3-8 O
N\

a) Buislemi sayisal olarak ifade ediniz. (Perform this operation using numerals.)
b a
Tk e
o
Figure 4. Performing operation mistake in transition to model
representation to numerical representation (S68)

In Figure 5, an exemplary case of denominator equaliza-
tion mistake is shown. In this question, it is required to nu-
merically subtract fractions given in numerical representa-
tion. When the student performs the operation it appears
that he knows that denominator equalization is necessary
but he performs the operation without extending the nu-
merator with regards to obtaining an equal fraction by ex-
tending the fraction to equalize the denominator.

6) Asagida verilmis olan iglemi yapiniz ve a, b, ¢, siklarindaki sorulari bu soruya gore
cevaplandinniz. (Perform the operation given below and answer the questions a, b, ¢
accordingly.)

5 _l 4 £ | .L
63b b
Figure 5. Denominator equalization mistake in forming a numeri-
cal representation (512)

Issues encountered in number line representation forming

Table 7 presents the mistakes the students made when
performing the addition and subtraction of fractions on
the number line. It has been determined that students
make numerous mistakes in the steps of expressing frac-
tions on the number line (showing by arrows), determin-
ing the given operation on the number line and showing
the result (by arrowing out), although the mistakes are
encountered at each step in general. On the other hand,
it has been observed that most students left these ques-
tions unanswered.

Table 7. Issues encountered in number line modeling forming

0

Steps Addition Subtraction Total
Drawing Fhe number ] 1 >
line
Placing the integers 22 14 36

Separating by equal
units (determining the 55 45 100
denominator)

Expressing fractions
(showing numerator 105 75 180
with arrows)

Determining the oper-

. 88 88 176
ation
Showingthe result 123 90 213
(arrowing out)
Unanswered 55 81 136

1) Perform the operation given below and answer the questions a, b, ¢ accordingly.

B -0

b) Bu islemi sayi dogrusu {izerinde gosteriniz. (Perform this operation on the number
line.)

SR

A

Figure 6. Separating into equal units (determining the denomina-
tor) (S64)

Figure 6 provides an example of one of the mistakes that
students often make which is to divide the whole into
equal parts and identify on the number line, i.e. placing
the denominators. While the whole is required to be divid-
ed into twelve equal parts on the number line, it is seen
that twelve lines were drawn on the whole and divided
into thirteen parts.

In figure 7, there is an example of a mistake for perform-
ing the operation. The student was able to construct the
number line correctly while performing the operation on
the number line. However, when performing the addition
operation on the number line, focused only on the frac-
tional expressions, and identified the places of these on
the number line and showed the numerically known (cal-
culated) value on the number line. Student could not per-
form addition operation in fractions by using number line.
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4) "Ezgi read three tenths of her story book first, and then two tenths." So, how many of
the book did Ezgi read?" Express the problem given in this text verbally and solve it,
and answer the questions in a, b, ¢ accordingly.

a) Buislemi sayi dogrusu iizerinde gergeklegtiriniz. (Perform this operation on
the number line. ]

— _,.m owwf‘
LA—
R o 7o =

Figure 7. Example of performing an operation mistake (527)
Issues encountered in verbal representations

In table 8, the mistakes the students made when perform-
ing the addition and subtraction operations on the verbal
representation in fractions were identified. In general,
mistakes were encountered in each step, but it has been
determined that most of the mistakes are made by the
students in the steps of creating the verbally appropriate
scenarios and expressing the operation given at the root
of the question correctly. It is noteworthy that the number
of unanswered questions in the addition subtraction oper-
ation in verbal representations is rather high, and that the
number of unanswered questions is higher in subtraction
operation compared to addition.

Table 8. Issues encountered in verbal representation forming

)

Steps Addition Subtraction Total
Expressing the fractions 3 24 56
correctly
Identification of objects
suitable for given
fractions (wholes to be 25 33 58
fragmented)
Creating a scenario that
is suitable for given 36 60 96
operation
Being able to express
the operation given at 84 82 166
the root of the question.
Unanswered 52 69 121

¢) Buiglem ile ilgili bir problem kurunuz. (Pose a problem related to this
operation.)

Y s b e . ¢
-

(A person spends 2/12'th of hisfher money in a shopping center. Then (sjhe spends 4/12’th
of the money for a dress in another shop. How much money did (s)he spend?)

Figure 8. Mistake in scenario creation and question root determi-
nation in transition to model representation to verbal representa-
tion (S27)

In figure 8, an example of mistakes in creating scenari-
os and expressing the operation given in the root of the
question in relation to the verbal representation of the
model representation addition operation is given. The
student has set up a scenario by expressing mathemati-
cally the fractions given and spent 2/12 of his money first,
then 4/12 of it in the scenario. The student, while creat-
ing the problem scenario, could not reveal the initial sit-
uation clearly, could not express the sentences fully and
also formed a question root as “how much money did (s)
he spent” while it should've been “what was the portion of
the money that (s)he spent?”

In figure 9, an example of a mistake in creating a sce-
nario that is suitable for given operation (subtraction in
this case) is given. The student has correctly expressed
fractions in the given (as model) subtraction operation.
Although (s)he expressed the subtraction operation by
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asking the remaining amount, (s)he set up a scenario re-
quiring the addition of fractions. In addition to this, the
question root asked about the number of slices, not the
fractional result, resulting in a situation that the answer
should be a natural number.

¢) Buislem ile ilgili bir problem kurunuz. (Pose a problem related to this

operation.) . . Ay
fnce 2o SOMO‘-?E_C’}".‘ \‘femﬁ#’

%ir -k‘iu" .
6;rf¢ fog" of:/m J’al Zd; 99(1?

(I have first eaten 6/12'th of the cake and then 4/12'th of it. How many slices of cake da |
have left?)

Figure 9. Mistake in creating a scenario suitable for the operation
(515)

In figure 10, an example of mistake in identifying an object
suitable for operation (fragmentable) is given. This ques-
tion requires constructing a verbal representation appro-
priate to the subtraction operation given on the number
line. The student has not been able to express exactly
the fragmentable wholes even though (s)he identified the
fractions correctly. It has been seen that the student has
set up a problem sentence requiring a subtraction opera-
tion as question root but he has expressed the subtraction
operation with natural numbers (20 pieces) instead of the
subtraction operation with fractions.

T) Perform the operation given below and answer the questions a, b, ¢ accordingly.

H 1
<) Bu iglemle ilgili problem kurunuz. (Pose a problem related to this operation.)

= Laad
or tedon
:2:' #e e l Sint ol | annen
= sif cida ben o.l'\f\Gf\uMh ke, porce geq_&q
7 ?
oldwn
(I got 8/20"th of 20 pieces. My mother took 2/20'th of them. How many more pieces did [ take

than my mother?)

Figure 10. Mistake in identifying suitable objects for given frac-
tions (wholes to be fragmented) and being able to express the
operation given in question root (532)

Conclusions and Discussion

In this study, using multiple representations and trans-
formations into each other were sought by focusing on
model, number line, verbal and numerical representa-
tions involved in addition and subtraction operations in
fractions. According to research findings, it has been de-
termined that the achievement of students in using differ-
ent representations in operations with fractions is higher
in addition operation compared to subtraction operation.
In addition, it turns out that students are more successful
in numerical-numerical, model-model, model-numerical,
and numerical-model transitions compared to other tran-
sitions in both operation types. This situation is in parallel
with the different studies that reveal student achievement
towards numerical and model representations (Herman,
2002, Pitts, 2003, Siap & Duru, 2004). It was also found out
that they fail in other representation types such as num-
ber line and verbal representation transition situations.
Students also expressed the difficulties experienced by
students in verbal (Sert, 2007) and numerical line rep-
resentations (Kilic & Ozdas, 2010).

In forming model representation, more mistakes were
identified in the denominator and numerator determina-
tion steps in addition operation. On the other hand, mis-
takes in subtraction of fractions were more frequent in
the steps of performing the operations and determining
the numerator. This situation indicates the difficulties that
students have experienced in constructing the concept of
fraction. The use of models in the teaching of fractions
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and in the construction of fractional numbers is the ba-
sis for the development of fractional numbers (Vergnaud,
1983). The use of a number of models and manipulative
tools in introduction to fractions makes it easier to learn
the concept of fractions and makes it easier for students
to deal with fractions because it makes the fractions con-
crete for elementary school primary learners who are still
in the concrete operations stage (Kieren, 1976).

In numerical representations, students were more chal-
lenged in the subtraction operation, and mistakes were
made in the steps of performing the operation and writing
the numerical expression of the representation. Particu-
larly, in the fractions with different denominators, it is de-
termined that the students continue their natural habits
and that they consider the denominators and numerators
as separate numbers and add. The relevant problem has
been widely described in the literature (Carpenter, Co-
burn, Reys, & Wilson, 1976; Isik & Kar, 2012).

In representation of number line, the difficulty expe-
rienced by the students in dividing number line into re-
quired denominator was the result of dividing into miss-
ing or more equal parts. Similar difficulties that students
have experienced with respect to the number line have
also been demonstrated by Pesen (2008). The situations
in which the students create verbal representation types
in the addition and subtraction operations of fractions are
examined and different errors are noticed in the opera-
tion steps according to the results. In this case, where the
students preferred non-fragmentable wholes, the situa-
tion emerged as perceiving the question as rational num-
ber rather than fraction meaning.

It was determined that, while performing addition and
subtraction operation in fractions on the verbal rep-
resentation, the students generally made mistakes at
each step, but most mistakes were made in the forming
suitable scenario and being able to express the opera-
tion given at the question root correctly stages. It has
been found that the students made mistakes in the ad-
dition and subtraction operations in forming the root of
the question. Moreover, setting up sentences that give
the meaning of integer to a fraction was among the most
frequent question root mistakes. Isik and Kar (2012), in
the study they conducted, have also identified problems
such as the inability of the students to perceive the quan-
tities specified by the numbers in the fraction operations
and the inability to reflect the operation to the root of the
question. The content of the identified difficulties and the
high number of difficulties identified in the established
problems indicate that the students are lacking concep-
tual dimension for fractions and addition and subtraction
operation in fractions. This result supports the conclusion
that the difficulties oriented to fraction operations cannot
be evaluated separately of difficulties in learning fractions
and the roots are based on fraction concepts as indicated
by Charalambous, Delaney, Mhuire, Hsu and Mesa (2010).
Students’ difficulties in adding and subtracting fractions
have concerned educators for years. Researchers have
also explored what causes student errors such as adding
(or subtracting) the numerators and the denominators.
This exploration suggested that several cognitive factors
might explain such errors. For instance, it was proposed
that students often view fractions as two separate whole
numbers (one corresponding to the numerator and an-
other to the denominator) rather than as individual quan-
tities (Carpenter et al., 1976), and that they are often mis-
guided by inappropriate analogies (e.g., they believe that
when adding or subtracting fractions it is legitimate to add
or subtract the numerators and denominators because in
the multiplication of fractions one multiplies the numera-

tors and the denominators) (Vinner, Hershkowitz, & Bruck-
heimer, 1981).

Students’ difficulties in adding and subtracting fractions
cannot be separated from their difficulties in learning
fractions generally. Studies suggest that such difficulties
have their roots in the complexity of the notion of frac-
tions and in instructional approaches employed when
teaching fractions (Ball, 1993; Behr, Harel, Post, & Lesh,
1993; Lamon, 1999). For example, meanings, models, and
symbols that worked well for students when working on
whole numbers may interfere with students’ developing
understanding of fractions (Lamon, 1999). Furthermore,
fractions make up a multifaceted concept, consisting of
five interrelated constructs: part-whole, measure, opera-
tor, quotient, and ratio (Kieren, 1976). Because each con-
struct captures different aspects of fractions, constructing
a comprehensive schema of fractions requires developing
a robust understanding of all five constructs and of their
confluence (Behr et al., 1993).

Research has also shown that instruction may impede the
learning of fractions, especially when (1) it fails to build on
students’ prior knowledge (Mack, 2001), (2) it emphasizes
rote learning at the expense of conceptual understanding
(Ball, 1993; Mack, 2001), (3) it introduces formal symbols
and algorithms before familiarizing students with the dif-
ferent aspects of the notion of fractions (Smith, 2002), or
(4) it emphasizes only one of the constructs (usually the
part-whole construct, (Moss & Case, 1999). Textbooks, as
one tool of instruction, may contribute to compounding
or ameliorating such difficulties. In the framework used in
the present study such criteria are given detailed consid-
eration.

Findings obtained from this study are thought to be im-
portant for those who guide educational policies and
those who contribute to the preparation of the mathemat-
ics curriculum. Educational research studies are important
for shedding light on the development of educational re-
forms and the curricula prepared in this direction. In this
context, it is thought that the institutions or individuals
involved in this process will contribute to matching the
findings obtained from this study with targeted outputs in
educational policies or curricula.

This is a study conducted in the form of special case anal-
ysis. Further qualitative or interventional research that
focuses on teachers' classroom practices, student pref-
erences for representation and ability to use representa-
tions might be useful to investigate and broaden the re-
sults obtained in this study. It is also contemplated that
tools developed to determine the representation usage
competencies or skills, perceptions or attitudes towards
representations of students (or teachers) will contribute to
quantitative and qualitative studies with subject of “multi-
ple representations and mathematics learning”.

The results of the research indicate that students are ex-
periencing difficulties in verbal representations of addi-
tion and subtraction operations in fractions. In order to
develop the skills of problem-solving in the development
of these skills, it is important to establish a relationship be-
tween real life situations and fractions (Abu-Elwan, 2002,
Akay & Boz, 2008, Dickerson, 1999, Isik, Isik, & Kar, 2011).
Moreover, these activities support the conceptual under-
standing in the students (Akay, 2006; Crespo and Sinclair,
2008; English, 1998, 2003; Isik, 2011; Stickles, 2006; Toluk-
Ucar, 2009). For these reasons, teachers should provide
students with the opportunity to express themselves in a
verbal and linguistic way in order to improve their prob-
lem-solving skills in lessons and give students opportuni-
ties to problem-solve as well as problem-solving methods.
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Again, while the verbal questions are being asked, the sce-
nario part should be cut in half and the students should be
asked to complete or the part of the question root should
be left empty, students should be gained expressing frac-
tions.

Fractions are conceptually abstract for middle school stu-
dents. When the concept of fractions is explained only
by verbal expressions or numerical representations, stu-
dents cannot understand these concepts that are abstract
to them (Piaget, 1952). For this reason, the use of models
and teaching materials that represent multiple forms of
representation in the teaching of addition and subtrac-
tion in fractions is crucial for the realization of meaningful
learning. This study can be regarded as a study that espe-
cially sheds light on teacher and teacher candidates.
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Appendix

Multiple Representations In Fraction Operations Test

This test consists of 8 questions. There are 3 sub-questions in each question. Please answer carefully.
Activities

1) Perform the operation given below and answer the questions a, b, c accordingly.

4+

a) Perform this operation using numerals.
b) Perform this operation on the number line.
c) Pose a problem related to this operation.

2) Perform the operation given below and answer the questions a, b and c accordingly.

1 3

— + —_——

4 8
a) Perform this operation on the number line.
b) Perform this operation using a model.
) Pose a problem related to this operation.

3) Perform the operation given below and answer the questions a, b, ¢ accordingly.

- ==

a) Perform this operation using numerals.
b) Perform this operation using a model.
c) Pose a problem related to this operation.

4) “Ezgi read three tenths of her story book first, and then two tenths.” So, how many of the book did Ezgi read?” Express
the problem given in this text verbally and solve it, and answer the questions in a, b, c accordingly.

a) Perform this operation on the number line.
b) Perform this operation using model representation.
) Perform this operation using numerals.

5) Perform the operation given below and answer the questions a, b, c accordingly.

a) Perform this operation using numerals.
b) Perform this operation on the number line.
) Pose a problem related to this operation.

6) Perform the operation given below and answer the questions a, b, c accordingly.

51
6 3
a) Perform this operation on the number line.

b) Perform this operation using a model.
c) Pose a problem related to this operation.

7) Perform the operation given below and answer the questions a, b, ¢ accordingly.

m TN TR T SN TN TN N SN SN S S
T T T ] 1 T T T T ] T T =
1

0
a) Perform this operation using numerals.
b) Perform this operation using a model.
) Pose a problem related to this question.
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8) "How many more pizza did Ahmet, who ate one half, ate compared to Zeynep, who ate one fourth of the pizza?" Ex-
press the problem given in this text verbally and solve it, and answer the questions in a, b, c accordingly.

a) Perform this operation on the number line.

b) Perform this operation using a model.
c) Perform this operation using numerals.
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